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Quantum limit of classical communications
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“Superadditivity” on the transmitter and receiver side
• Superadditivite capacity

– Transmitter side: Using entangled states help achieve higher capacity
– Receiver side: Quantum joint detection receiver helps achieve higher capacity

• Channel not transmitter-side superadditive, it can still be receiver-side
– Product state modulation is optimal (entanglement at transmitter doesn’t help)
– Holevo Capacity,

– Shown : receiver uses symbol by symbol detection; Shannon capacity 
– Joint detection receiver (JDR) required, unless            orthogonal pure states
– Calculation of     does not need receiver. Finding receiver achieving     is hard
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The single-mode bosonic channel

• Mean photon number per mode constraint at transmitter
• Environment mode in thermal state, mean photon number

• Any linear lossy propagation medium can be decomposed into a 
collection of single mode bosonic channels
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Holevo capacity of the single-mode bosonic channel

• C > Shannon capacity of all known standard optical receivers
• Product coherent state modulation achieves capacity
• Need joint detection receiver (collective measurement over codeword)
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Binary phase shift keying (BPSK) modulation

• Consider BPSK modulation,                    , priors                 ,{|↵i, |� ↵i}
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<latexit sha1_base64="UiaNQ3L65yjlEC40R1taHWkRkzg=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cVnBPqANZTKZtkMnkzBzI5bQX3HjQhG3/og7/8ZpmoW2Hhg4nHNfc4JEcI2u+22trW9sbm2Xdsq7e/sHh/ZRpa3jVFHWorGIVTcgmgkuWQs5CtZNFCNRIFgnmNzO/c4jU5rH8gGnCfMjMpJ8yClBIw3sSj+fkSkWzsp95BHTA7vq1twczirxClKFAs2B/dUPY5pGTCIVROue5yboZ0Qhp4KZsalmCaETMmI9QyUxS/ws3ztzzowSOsNYmSfRydXfHRmJtJ5GgamMCI71sjcX//N6KQ6v/YzLJEUm6WLRMBUOxs48CCfkilEUU0MIVdzc6tAxUYSiiatsQvCWv7xK2vWad1Gr319WGzdFHCU4gVM4Bw+uoAF30IQWUHiCZ3iFN2tmvVjv1seidM0qeo7hD6zPH0pulJk=</latexit>

⇥
<latexit sha1_base64="UiaNQ3L65yjlEC40R1taHWkRkzg=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cVnBPqANZTKZtkMnkzBzI5bQX3HjQhG3/og7/8ZpmoW2Hhg4nHNfc4JEcI2u+22trW9sbm2Xdsq7e/sHh/ZRpa3jVFHWorGIVTcgmgkuWQs5CtZNFCNRIFgnmNzO/c4jU5rH8gGnCfMjMpJ8yClBIw3sSj+fkSkWzsp95BHTA7vq1twczirxClKFAs2B/dUPY5pGTCIVROue5yboZ0Qhp4KZsalmCaETMmI9QyUxS/ws3ztzzowSOsNYmSfRydXfHRmJtJ5GgamMCI71sjcX//N6KQ6v/YzLJEUm6WLRMBUOxs48CCfkilEUU0MIVdzc6tAxUYSiiatsQvCWv7xK2vWad1Gr319WGzdFHCU4gVM4Bw+uoAF30IQWUHiCZ3iFN2tmvVjv1seidM0qeo7hD6zPH0pulJk=</latexit>

Minimum error probability:

Sam Dolinar, MIT Ph.D. Thesis, 1973

h↵|� ↵i = e�2N

N = |↵|2



Example of receiver-side superadditive capacity

• Maximum capacity with the optimal symbol-by-symbol measurement

• Holevo capacity (joint detection over infinite-length modulated block)

• The joint-detection gain most pronounced at low photon number

C1 = 1� h2(p), p =
1

2
[1�

p
1� e�4N ]

<latexit sha1_base64="jCIx/3LNz9K1NE0BeuShKSfivyA="></latexit>

C1 = S

✓
|↵ih↵|+ |� ↵ih�↵|

2

◆
= h2

✓
1 + e�2N

2

◆

<latexit sha1_base64="+Ki9rAcuv7FhehKC0JkgdTfRARE="></latexit>

We do not know, C2, C3, . . . , Cn, . . .
<latexit sha1_base64="dvw4jcbGfHHxw3XCulU26U0iaeI=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclDLTCrosduOygn1AOwyZTKYNzSRDkhHK0JUbf8WNC0Xc+g3u/BszbQVtPRA495x7ubknSBhV2nG+rJXVtfWNzcJWcXtnd2/fPjhsK5FKTFpYMCG7AVKEUU5ammpGuokkKA4Y6QSjRu537olUVPA7PU6IF6MBpxHFSBvJt08afrUMG36tDPssFFrlBf8pfLvkVJwp4DJx56QE5mj69mc/FDiNCdeYIaV6rpNoL0NSU8zIpNhPFUkQHqEB6RnKUUyUl03PmMAzo4QwEtI8ruFU/T2RoVipcRyYzhjpoVr0cvE/r5fq6MrLKE9STTieLYpSBrWAeSYwpJJgzcaGICyp+SvEQyQR1ia5ognBXTx5mbSrFbdWqd5elOrX8zgK4BicgnPggktQBzegCVoAgwfwBF7Aq/VoPVtv1vusdcWazxyBP7A+vgGwcpa+</latexit>

bits per mode

bits per mode

lim
N!0

C1
C1

= 1
<latexit sha1_base64="Pg+jE3m+BAyUOShHvLruDWQcEi8=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhyCIIx2CnoRhrt4kgnuBdZR0izdwpK0JKlQSj+EF7+KFw+KePXgzW9jtvWgm38I/PJ/nofk+Qcxo0o7zre1tLyyurZe2ihvbm3v7Np7+20VJRKTFo5YJLsBUoRRQVqaaka6sSSIB4x0gnFjUu88EKloJO51GpM+R0NBQ4qRNpZvn3qMcj+7hZ6OoJN7oUQ4a/geFaFOc0NuDq/g7OrbFafqTAUXwS2gAgo1ffvLG0Q44URozJBSPdeJdT9DUlPMSF72EkVihMdoSHoGBeJE9bPpUjk8Ns4AhpE0R2g4dX9PZIgrlfLAdHKkR2q+NjH/q/USHV72MyriRBOBZw+FCYMmgElCcEAlwZqlBhCW1PwV4hEyuWiTY9mE4M6vvAjtWtU9q9buziv16yKOEjgER+AEuOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxa12yipkD8EfW5w8TDp41</latexit>



Joint detection receiver (JDR) for superadditive capacity
n-mode input, n-mode output (n=8 shown)2

66666666664
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3

77777777775

2

66666666664

0
0
0
0p
8↵
0
0
0

3

77777777775 n = 8

Mean photon number in the n-mode Hadamard codeword (input and output), n|↵|2 = nN

X 2 {1, 2, . . . , n} Y 2 {1, 2, . . . , n, n+ 1}pY |X(y|x) =

8
<

:

1� e�nN , B7 y = x
0, B7 y 6= x

e�nN , B7 y = n+ 1
SG, Phys. Rev. Lett. 106, 240502 (2011)



Superadditive capacity

• Plotting photon information efficiency, C(N)/N

N

C(N)

N

bits per photon

mean photon number per mode,

max
n

⇢
I(X;Y )/n

N

�

Holevo capacity

Bridging the remaining gap 
to the Holevo capacity 
requires JDRs that use 
quantum optical effects

Chung, SG, Zheng, PRA 96, 012320 (2017)

SG, Phys. Rev. Lett. 106, 240502 (2011)



A receiver (based on quantum “belief 
propagation” to achieve the Holevo capacity

Narayanan, Seshadreesan, SG, Pfister, arXiv:2003.04356 (2020)
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Sim: BP Block Error Rate

Sim: Codeword ML Block Error Rate

Sim: BPQM Block Error Rate

Theory: Codeword Helstrom Limit

|↵i|↵i|↵i|↵i|↵i
<latexit sha1_base64="DIkVjFjDEa1ekRAxzu0Q9MhSg/M=">AAACMHicjVDLSsNAFJ34rPUVdelmsAiuSlIFXRZd6LKCfUATys100g6dTMLMRCixn+TGT9GNgiJu/QqnbRa2deGBgXPPuZc79wQJZ0o7zpu1tLyyurZe2Chubm3v7Np7+w0Vp5LQOol5LFsBKMqZoHXNNKetRFKIAk6bweBq7DfvqVQsFnd6mFA/gp5gISOgjdSxrx884EkfPAmixymeLf9fdeySU3YmwIvEzUkJ5ah17GevG5M0okITDkq1XSfRfgZSM8LpqOiliiZABtCjbUMFRFT52eTgET42SheHsTRPaDxRf09kECk1jALTGYHuq3lvLP7ltVMdXvgZE0mqqSDTRWHKsY7xOD3cZZISzYeGAJHM/BWTPkgg2mRcNCG48ycvkkal7J6WK7dnpeplHkcBHaIjdIJcdI6q6AbVUB0R9Ihe0Dv6sJ6sV+vT+pq2Lln5zAGagfX9AyKTrBQ=</latexit>

|↵i|↵i|↵i|� ↵i|� ↵i
<latexit sha1_base64="HgIIqMX3nurRLQkt/KbscbZHfL8=">AAACMnicfVBLSwMxEM7WV62vVY9egkXwYtmtgh6LXvRWwT6gXcpsmm1Ds9klyQpl7W/y4i8RPOhBEa/+CNN2D7YVBwLfY4bJfH7MmdKO82rllpZXVtfy64WNza3tHXt3r66iRBJaIxGPZNMHRTkTtKaZ5rQZSwqhz2nDH1yN/cY9lYpF4k4PY+qF0BMsYAS0kTr2zUMbeNyHtgTR4xTP0jl28h/t2EWn5EwKLwI3A0WUVbVjP7e7EUlCKjThoFTLdWLtpSA1I5yOCu1E0RjIAHq0ZaCAkCovnZw8wkdG6eIgkuYJjSfq74kUQqWGoW86Q9B9Ne+Nxb+8VqKDCy9lIk40FWS6KEg41hEe54e7TFKi+dAAIJKZv2LSBwlEm5QLJgR3/uRFUC+X3NNS+fasWLnM4sijA3SIjpGLzlEFXaMqqiGCHtELekcf1pP1Zn1aX9PWnJXN7KOZsr5/ACZ8rII=</latexit>

|↵i|� ↵i|� ↵i|↵i|↵i
<latexit sha1_base64="SWOqUk43Udnbp0Ba5Ss0lxrSHmE=">AAACMnicfVBLSwMxEM76rPW16tFLsAheLLtV0GPRi94q2Ae0S5lNs21oNrskWaFs+5u8+EsED3pQxKs/wrTdg23FgcD3mGEynx9zprTjvFpLyyura+u5jfzm1vbOrr23X1NRIgmtkohHsuGDopwJWtVMc9qIJYXQ57Tu96/Hfv2BSsUica8HMfVC6AoWMALaSG37dtgCHvegJUF0OcXD0xk+T/9hbbvgFJ1J4UXgZqCAsqq07edWJyJJSIUmHJRquk6svRSkZoTTUb6VKBoD6UOXNg0UEFLlpZOTR/jYKB0cRNI8ofFE/T2RQqjUIPRNZwi6p+a9sfiX10x0cOmlTMSJpoJMFwUJxzrC4/xwh0lKNB8YAEQy81dMeiCBaJNy3oTgzp+8CGqlontWLN2dF8pXWRw5dIiO0Aly0QUqoxtUQVVE0CN6Qe/ow3qy3qxP62vaumRlMwdopqzvHxmIrII=</latexit>

|↵i|� ↵i|� ↵i|� ↵i|� ↵i
<latexit sha1_base64="YHPQxyD5ldAcGbpEarM/jO9iLLw=">AAACNHiclVDLSgMxFM34rPU16tJNsAhuLDNV0GXRjeCmgn1AO5Q7aaYNzWSGJCOUaT/KjR/iRgQXirj1G0zbWdjWjQcC555zLzf3+DFnSjvOq7W0vLK6tp7byG9ube/s2nv7NRUlktAqiXgkGz4oypmgVc00p41YUgh9Tut+/3rs1x+oVCwS93oQUy+ErmABI6CN1LZvhy3gcQ9aEkSXUzw8nan/VbbtglN0JsCLxM1IAWWotO3nViciSUiFJhyUarpOrL0UpGaE01G+lSgaA+lDlzYNFRBS5aWTo0f42CgdHETSPKHxRP09kUKo1CD0TWcIuqfmvbH4l9dMdHDppUzEiaaCTBcFCcc6wuMEcYdJSjQfGAJEMvNXTHoggWiTc96E4M6fvEhqpaJ7VizdnRfKV1kcOXSIjtAJctEFKqMbVEFVRNAjekHv6MN6st6sT+tr2rpkZTMHaAbW9w8eLazw</latexit>

|� ↵i|↵i|� ↵i|↵i|� ↵i
<latexit sha1_base64="Wj2yk1mOpYDkSHWNcvnXZ8P6gpI=">AAACM3icfVDLSgMxFM34rPU16tJNsAhuLDNV0GXRjbiqYB/QDuVOmmlDM5khyQhl2n9y44+4EMSFIm79B9N2FrYVD1w4Oedecu/xY86UdpxXa2l5ZXVtPbeR39za3tm19/ZrKkokoVUS8Ug2fFCUM0GrmmlOG7GkEPqc1v3+9divP1CpWCTu9SCmXghdwQJGQBupbd8OT1vA4x60JIgup3g485xz/zXbdsEpOhPgReJmpIAyVNr2c6sTkSSkQhMOSjVdJ9ZeClIzwuko30oUjYH0oUubhgoIqfLSyc0jfGyUDg4iaUpoPFF/T6QQKjUIfdMZgu6peW8s/uU1Ex1ceikTcaKpINOPgoRjHeFxgLjDJCWaDwwBIpnZFZMeSCDaxJw3IbjzJy+SWqnonhVLd+eF8lUWRw4doiN0glx0gcroBlVQFRH0iF7QO/qwnqw369P6mrYuWdnMAZqB9f0DmiqsuQ==</latexit>

|� ↵i|↵i|� ↵i|� ↵i|↵i
<latexit sha1_base64="I3w8NPQHtOI00z7L5d5p0Br6isE=">AAACM3icbVBLSwMxEM7WV62vVY9egkXwYtmtgh6LXsRTBfuA7lJm07QNzWaXJCuUbf+TF/+IB0E8KOLV/2Da7sG2DgS+xwyT+YKYM6Ud583KrayurW/kNwtb2zu7e/b+QV1FiSS0RiIeyWYAinImaE0zzWkzlhTCgNNGMLiZ+I1HKhWLxIMextQPoSdYlxHQRmrbd6MzD3jcB0+C6HGKR3N0wV2kc6xtF52SMy28DNwMFFFW1bb94nUikoRUaMJBqZbrxNpPQWpGOB0XvETRGMgAerRloICQKj+d3jzGJ0bp4G4kzRMaT9W/EymESg3DwHSGoPtq0ZuI/3mtRHev/JSJONFUkNmibsKxjvAkQNxhkhLNhwYAkcz8FZM+SCDaxFwwIbiLJy+DernknpfK9xfFynUWRx4doWN0ilx0iSroFlVRDRH0hF7RB/q0nq1368v6nrXmrGzmEM2V9fMLlu2suQ==</latexit>

|� ↵i|� ↵i|↵i|↵i|� ↵i
<latexit sha1_base64="+ZZ77tVwbDl4/opVYSWSWczcwOo=">AAACM3icfVDLSgMxFM34rPU16tJNsAhuLDNV0GXRjbiqYB/QDuVOmmlDM5khyQhl2n9y44+4EMSFIm79B9N2FrYVDwTOPedebu7xY86UdpxXa2l5ZXVtPbeR39za3tm19/ZrKkokoVUS8Ug2fFCUM0GrmmlOG7GkEPqc1v3+9divP1CpWCTu9SCmXghdwQJGQBupbd8OT1vA4x60JIgup3iuHv5Xzba27YJTdCbAi8TNSAFlqLTt51YnIklIhSYclGq6Tqy9FKRmhNNRvpUoGgPpQ5c2DRUQUuWlk5tH+NgoHRxE0jyh8UT9PZFCqNQg9E1nCLqn5r2x+JfXTHRw6aVMxImmgkwXBQnHOsLjAHGHSUo0HxgCRDLzV0x6IIFoE3PehODOn7xIaqWie1Ys3Z0XyldZHDl0iI7QCXLRBSqjG1RBVUTQI3pB7+jDerLerE/ra9q6ZGUzB2gG1vcPlu2suQ==</latexit>

|� ↵i|� ↵i|↵i|� ↵i|↵i
<latexit sha1_base64="VTbg62Kq0kPGGMly9CbztAeWTOU=">AAACM3icfVDLSgMxFM34rPU16tJNsAhuLDNV0GXRjbiqYB/QDuVOmmlDM5khyQhl2n9y44+4EMSFIm79B9N2FrYVDwTOPedebu7xY86UdpxXa2l5ZXVtPbeR39za3tm19/ZrKkokoVUS8Ug2fFCUM0GrmmlOG7GkEPqc1v3+9divP1CpWCTu9SCmXghdwQJGQBupbd8OT1vA4x60JIgup3iuHs5W/5ltu+AUnQnwInEzUkAZKm37udWJSBJSoQkHpZquE2svBakZ4XSUbyWKxkD60KVNQwWEVHnp5OYRPjZKBweRNE9oPFF/T6QQKjUIfdMZgu6peW8s/uU1Ex1ceikTcaKpINNFQcKxjvA4QNxhkhLNB4YAkcz8FZMeSCDaxJw3IbjzJy+SWqnonhVLd+eF8lUWRw4doiN0glx0gcroBlVQFRH0iF7QO/qwnqw369P6mrYuWdnMAZqB9f0Dk7CsuQ==</latexit>

Mean photon number per mode, |↵|2 = N
<latexit sha1_base64="P3rRa/S6BmGvzlc9T8n7i4WS608=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IsniWAekGxC72Q2GTL7YGZWCUn+w4sHRbz6L978GyfJHjSxoKGo6qa7y4sFV9q2v63Myura+kZ2M7e1vbO7l98/qKkokZRVaSQi2fBQMcFDVtVcC9aIJcPAE6zuDW6mfv2RScWj8EEPY+YG2Au5zylqI7XHLRRxH8ftErkid518wS7aM5Bl4qSkACkqnfxXqxvRJGChpgKVajp2rN0RSs2pYJNcK1EsRjrAHmsaGmLAlDuaXT0hJ0bpEj+SpkJNZurviREGSg0Dz3QGqPtq0ZuK/3nNRPuX7oiHcaJZSOeL/EQQHZFpBKTLJaNaDA1BKrm5ldA+SqTaBJUzITiLLy+TWqnonBVL9+eF8nUaRxaO4BhOwYELKMMtVKAKFCQ8wyu8WU/Wi/VufcxbM1Y6cwh/YH3+AFgIkb8=</latexit>
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Coherent state binary-phase shift keyed (BPSK) 
codebook, with eight 5-mode codewords

Quantum limit of 
minimum error probability

Best achievable using 
ANY classical receiver
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<latexit sha1_base64="BguqdIYvEbczysqtCHpoZP4L/fE=">AAACHHicbZA9SwNBEIb3/DZ+RS1tFoNgk3AXBW0E0cZKFIwJ5GKY20ySJXt75+6eGM78EBv/io2FIjYWgv/GTXKFXwMLD+87w+y8QSy4Nq776UxMTk3PzM7N5xYWl5ZX8qtrlzpKFMMKi0SkagFoFFxixXAjsBYrhDAQWA16x0O/eoNK80hemH6MjRA6krc5A2OlZn7HFyA7AqkPIu4CvaPFjHw1Ng4oXqXF8umA+nid8Bt628wX3JI7KvoXvAwKJKuzZv7db0UsCVEaJkDruufGppGCMpwJHOT8RGMMrAcdrFuUEKJupKPjBnTLKi3ajpR90tCR+n0ihVDrfhjYzhBMV//2huJ/Xj0x7f1GymWcGJRsvKidCGoiOkyKtrhCZkTfAjDF7V8p64ICZmyeORuC9/vkv3BZLnk7pfL5buHwKItjjmyQTbJNPLJHDskJOSMVwsg9eSTP5MV5cJ6cV+dt3DrhZDPr5Ec5H1+CsKBh</latexit>



Outline

• Background
– Quantum limit of classical communications
– Joint detection receivers for superadditive capacity

• Entanglement assisted communications over the bosonic channel
– Transmitter-receiver design 
– Entanglement assisted covert communications

• Conclusions and ongoing work



Entanglement assisted classical communications

• Communication capacity, when Alice and Bob pre-share 
(unlimited amount of) entanglement,

– where,     is a purification of

CE = max
⇢A2HA

I(NA!B , ⇢A)
<latexit sha1_base64="qP9s1MpoGTCMfrqZtfTIsxhy8XM="></latexit>

I(NA!B , ⇢A) = S(⇢A) + S(NA!B(⇢A))� S
�
(NA!B ⌦ I)[�]

�
<latexit sha1_base64="BqYjVRx7ousfOG7E5WVxFzUiY/A=">AAACbHicbVFNaxsxENVu08ZxP+w2OSSYwlDTYtPG7LqB5BLIx6W5FJfUscHaGq0s28La1SJpA2bZU/5hbvkJueQ3ROvY0MYdEDzee8PMPIWJ4Np43p3jvth4+WqztFV+/ebtu0r1/YcrLVNFWZdKIVU/JJoJHrOu4UawfqIYiULBeuHsvNB710xpLuPfZp6wICKTmI85JcZSw+rNRSPDlAj4mf/JTrGRcJZ/A6ymcnjahGO4bKzwV4vXrCu1CftwCTjkk8a6CbA0PGIaMhwRMw1DuMibA9yZ8qDoaA6rda/lLQrWgb8EdbSszrB6i0eSphGLDRVE64HvJSbIiDKcCpaXcapZQ uiMTNjAwpjY4UG2CCuHz5YZwVgq+2IDC/bvjoxEWs+j0DqLbfVzrSD/pw1SMz4KMh4nqWExfRo0TgXYDIrkYcQVo0bMLSBUcbsr0ClRhBr7P2Ubgv/85HVw1W7531vtXwf1k7NlHCVUQ59QA/noEJ2gH6iDuoiie6fi7Dp7zoO749bcj09W11n2bKN/yv3yCGtrtbM=</latexit>

C. H. Bennett, P. W. Shor, J. A. Smolin, and A. V. Thapliyal, IEEE Trans. Inform. Theory 48, 2637 (2002)

�
<latexit sha1_base64="SIWWhw4cDOJI1oTS6WRyjqImg48=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddJt1L2reuOhWWvdFnGU4QzO4RI8uIYW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPkB44j</latexit>

⇢A
<latexit sha1_base64="oaeCv8YkwU73qqX5IthZL7l6vZU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHqxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrh6q3nWvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7SaPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+AGEIjv8=</latexit>



Entanglement assisted capacity of the bosonic channel
• Mean photon number constraint,

• Take,

• Purification,

• Capacity,
–
–

⇢A =

Z
1

⇡NS
e�|↵|2 |↵ih↵|d2↵

<latexit sha1_base64="OOMCwZXnvDJ2gmIjREc1/uGX24k="></latexit>

NS
<latexit sha1_base64="H37BEz9UXM3e76sph9tsAoyLspA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kEvOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2V6ve9eq9YcsvuHGSVeBkpQYZar/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVsreRbnycFmq3mRx5OEETuEcPLiCKtxBDRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHAIqNnA==</latexit>

|�i =
1X

n=0

s
Nn

S

(1 +NS)1+n
|niS |niI

<latexit sha1_base64="LZEcyC86/WvYgbAN0RDYaHWKT2I="></latexit>

CE(⌘, NS , NB) = g(NS) + g(N 0
S)� g(A+)� g(A�)

<latexit sha1_base64="UMrEI2ytKlIGEqW3n02rzYoqtF0="></latexit>

D =
q

(NS +N 0
S + 1)2 � 4⌘NS(NS + 1)

<latexit sha1_base64="qL1G23oNtB5ICgSWDsAxCbNMn7o="></latexit>

A± = (D � 1± (N 0
S �NS))/2

<latexit sha1_base64="oKi9HcseiSSApUk/mF2jEr5O07k=">AAACEXicbZC7TsMwFIadcivlVmBksaiQ0qElKUiwIJXLwISKoBepCZHjuq1VO4lsB6mK+gosvAoLAwixsrHxNrhtBij8kqXP/zlH9vn9iFGpLOvLyMzNLywuZZdzK6tr6xv5za2GDGOBSR2HLBQtH0nCaEDqiipGWpEgiPuMNP3B+bjevCdC0jC4VcOIuBz1AtqlGClteXnz1EuciI/gCTQvSjbUDM0r7+bOiQTlBJagvhSL+xUvX7DK1kTwL9gpFECqmpf/dDohjjkJFGZIyrZtRcpNkFAUMzLKObEkEcID1CNtjQHiRLrJZKMR3NNOB3ZDoU+g4MT9OZEgLuWQ+7qTI9WXs7Wx+V+tHavusZvQIIoVCfD0oW7MoArhOB7YoYJgxYYaEBZU/xXiPhIIKx1iTodgz678FxqVsn1QrlwfFqpnaRxZsAN2gQlscASq4BLUQB1g8ACewAt4NR6NZ+PNeJ+2Zox0Zhv8kvHxDfeHme8=</latexit>

Vittorio Giovannetti, Seth Lloyd, Lorenzo Maccone, Peter W. Shor, Phys. Rev. A 68, 062323 (2003)



The entanglement assistance is most pronounced, 
i.e.,                                  when

Comparison of CE with C
Shi, Zhang, Zhuang, arXiv:1909.11112 (2019)
SG, Zhuang, Bash, arXiv:2001.03934 (2020)

NS ⌧ 1, NB � 1
<latexit sha1_base64="PZ2tNgss/4fgQbrqZMoq7sfPqKQ=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkpSBV2WunFVKtoHNCFMppN06OTBzESopfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gpZ1JZ1rextLyyurZe2Chubm3v7Jp7+y2ZZILQJkl4Ijo+lpSzmDYVU5x2UkFx5HPa9gfXE7/9QIVkSXyvhil1IxzGLGAEKy155mHdu0MO58g+Q3WvhpwwRLZnlqyyNQVaJHZOSpCj4ZlfTi8hWURjRTiWsmtbqXJHWChGOB0XnUzSFJMBDmlX0xhHVLqj6fVjdKKVHgoSoStWaKr+nhjhSMph5OvOCKu+nPcm4n9eN1PBlTticZopGpPZoiDjSCVoEgXqMUGJ4kNNMBFM34pIHwtMlA6sqEOw519eJK1K2T4vV24vStVaHkcBjuAYTsGGS6jCDTSgCQQe4Rle4c14Ml6Md+Nj1rpk5DMH8AfG5w/tSJLy</latexit>

Low brightness transmitter
Long center wavelength (high noise)

CE = �NS lnNS + o(NS)

C = NS ln
�
1 + [(1� ⌘)NB ]

�1
�
+ o(NS)

lim
NS!0

CE

C ln(1/NS)
=

1�
1 + (1� ⌘)NB

�
ln
�
1 + [(1� ⌘)NB ]�1

�

CE/C ⇠ ln(1/NS)

Taylor series expansion at              yields:NS = 0



Achieving CE for the bosonic channel
• A two-mode squeezed vacuum (TMSV) source, and phase modulation 

achieves the entanglement assisted capacity CE, when
– In general, active modulation (squeezing, displacement) of TMSV maybe necessary
– binary phase modulation suffices

⌘ 2 (0, 1]
<latexit sha1_base64="ds1Sc5HUGxchqQ9VKmYvHTpQkVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAIOUjYjYIeg148RjAxkF3C7KSTDJmdXWZ6hRjyJV48KOLVT/Hm3zh5HDSxoKGo6qa7K0qlMOh5305ubX1jcyu/XdjZ3dsvugeHTZNkmkODJzLRrYgZkEJBAwVKaKUaWBxJeIiGN1P/4RG0EYm6x1EKYcz6SvQEZ2iljlsMABkNhKJl74z6YccteRVvBrpK/AUpkQXqHfcr6CY8i0Ehl8yYtu+lGI6ZRsElTApBZiBlfMj60LZUsRhMOJ4dPqGnVunSXqJtKaQz9ffEmMXGjOLIdsYMB2bZm4r/ee0Me1fhWKg0Q1B8vqiXSYoJnaZAu0IDRzmyhHEt7K2UD5hmHG1WBRuCv/zyKmlWK/55pXp3UapdL+LIk2NyQsrEJ5ekRm5JnTQIJxl5Jq/kzXlyXpx352PemnMWM0fkD5zPHzpEkYA=</latexit>

âS
<latexit sha1_base64="8CJV4lNc3Xzo3tZIY9IYC4eEe9Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy4r2gc0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIV3lmo=</latexit>

âB
<latexit sha1_base64="2zdAPgE4ZcHd6KZQblxI2SYPNfM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZelblxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rexsrq2vrFZ2apu7+zu7ZsHh10Zp4LQDol5LPo+SMpZRDuKKU77iaAQ+pz2/MnNzO89UCFZHN2raULdEEYRCxgBpSXPPHaKNzKfpzTPnDEoDLnX8syaVbcK4GVil6SGSrQ988sZxiQNaaQIBykHtpUoNwOhGOE0rzqppAmQCYzoQNMIQirdrNid4zOtDHEQC12RwoX6eyKDUMpp6OvOENRYLnoz8T9vkKrg2s1YlKSKRmS+KEg5VjGehYGHTFCi+FQTIILpv2IyBgFE6ciqOgR78eRl0m3U7Yt64+6y1myVcVTQCTpF58hGV6iJblEbdRBBj+gZvaI348l4Md6Nj3nrilHOHKE/MD5/AGuzllk=</latexit>

âE
<latexit sha1_base64="0F8L99FoJE+ujHIjawGhDzxiO8M=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFEVxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rextLyyurZe2ahubm3v7Jp7+x0Zp4LQNol5LHo+SMpZRNuKKU57iaAQ+px2/fH11O8+UCFZHN2rSULdEIYRCxgBpSXPPHSKNzKfpzTPnBEoDLl345k1q24VwIvELkkNlWh55pcziEka0kgRDlL2bStRbgZCMcJpXnVSSRMgYxjSvqYRhFS6WbE7xydaGeAgFroihQv190QGoZST0NedIaiRnPem4n9eP1XBpZuxKEkVjchsUZByrGI8DQMPmKBE8YkmQATTf8VkBAKI0pFVdQj2/MmLpNOo22f1xt15rXlVxlFBR+gYnSIbXaAmukUt1EYEPaJn9IrejCfjxXg3PmatS0Y5c4D+wPj8AXA/llw=</latexit>

âI
<latexit sha1_base64="s03QHc53EeNFQ8824o6PEK7RNks=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFN7qrYB/QhHAznbRDJw9mJkKJWfgrblwo4tbfcOffOE2z0NYDFw7n3Dt37vETzqSyrG9jaXlldW29slHd3Nre2TX39jsyTgWhbRLzWPR8kJSziLYVU5z2EkEh9Dnt+uPrqd99oEKyOLpXk4S6IQwjFjACSkueeegUb2Q+T2meOSNQGHLv1jNrVt0qgBeJXZIaKtHyzC9nEJM0pJEiHKTs21ai3AyEYoTTvOqkkiZAxjCkfU0jCKl0s2J3jk+0MsBBLHRFChfq74kMQiknoa87Q1AjOe9Nxf+8fqqCSzdjUZIqGpHZoiDlWMV4GgYeMEGJ4hNNgAim/4rJCAQQpSOr6hDs+ZMXSadRt8/qjbvzWvOqjKOCjtAxOkU2ukBNdINaqI0IekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A3ZPlmA=</latexit>

âR
<latexit sha1_base64="Y7fd22dX/n+MNlT4QfF0LfLkJeo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy6r2Ac0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIPzlmk=</latexit>(NB)

<latexit sha1_base64="jyzaffBPxLk+csa3JMwvmrW7MWQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY6sWTVHBtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+Qfnw6FHHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/M/PYTVZrF8sFMEhoIPJQsYgQbK/nVu37zvF+uuDV3DrRKvJxUIEerX/7qDWKSCioN4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5sVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6DjMkkNVSSxaIo5cjEaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWP9Zp3UavfX1YazTyOIpzAKVTBgytowC20wAcCDJ7hFd4c6bw4787HorXg5DPH8AfO5w+s643w</latexit>

|�i
<latexit sha1_base64="Dv9WENSYS/DDXE2IyFcxOCUWmbQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy2k3bpZhN2N0Kp/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3H1FpnsgHM04xiOlA8ogzaqzkP/mNIfcVlQOBvXLFrbpzkFXi5aQCORq98pffT1gWozRMUK27np uaYEKV4UzgtORnGlPKRnSAXUsljVEHk/nNU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5uZ6DqYcJlmBiVbLIoyQUxCZgGQPlfIjBhbQpni9lbChlRRZmxMJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsAghWd4hTcnc16cd+dj0Vpw8plj+APn8wcq5ZHE</latexit>

Pre-shared TMSV entanglement

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

Shi, Zhang, Zhuang, arXiv:1909.11112 (2019)

NS ⌧ 1, NB � 1
<latexit sha1_base64="PZ2tNgss/4fgQbrqZMoq7sfPqKQ=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkpSBV2WunFVKtoHNCFMppN06OTBzESopfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gpZ1JZ1rextLyyurZe2Chubm3v7Jp7+y2ZZILQJkl4Ijo+lpSzmDYVU5x2UkFx5HPa9gfXE7/9QIVkSXyvhil1IxzGLGAEKy155mHdu0MO58g+Q3WvhpwwRLZnlqyyNQVaJHZOSpCj4ZlfTi8hWURjRTiWsmtbqXJHWChGOB0XnUzSFJMBDmlX0xhHVLqj6fVjdKKVHgoSoStWaKr+nhjhSMph5OvOCKu+nPcm4n9eN1PBlTticZopGpPZoiDjSCVoEgXqMUGJ4kNNMBFM34pIHwtMlA6sqEOw519eJK1K2T4vV24vStVaHkcBjuAYTsGGS6jCDTSgCQQe4Rle4c14Ml6Md+Nj1rpk5DMH8AfG5w/tSJLy</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

N 0
S = ⌘NS + (1� ⌘)NB

<latexit sha1_base64="FjwOzZuQAlot4awEQIvndZ1/Ito=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUxDJTBd0IpW5clYr2AW0dMumdNjTzIMkIZegHuPFX3LhQxK0f4M6/MdPOQqsHAifnnEtyjxNyJpVpfhmZhcWl5ZXsam5tfWNzK7+905RBJCg0aMAD0XaIBM58aCimOLRDAcRzOLSc0WXit+5BSBb4t2ocQs8jA5+5jBKlJTtfqNk3d91QMA/wBe6CIlgr+AgXrePkdlizqzpllswp8F9ipaSAUtTt/Ge3H9DIA19RTqTsWGaoejERilEOk1w3khASOiID6GjqEw9kL54uM8EHWuljNxD6+ApP1Z8TMfGkHHuOTnpEDeW8l4j/eZ1Iuee9mPlhpMCns4fciGMV4KQZ3GcCqOJjTQgVTP8V0yERhCrdX06XYM2v/Jc0yyXrpFS+Pi1UqmkdWbSH9lERWegMVdAVqqMGougBPaEX9Go8Gs/Gm/E+i2aMdGYX/YLx8Q1/OJi2</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

|�i =
1X

n=0

s
Nn

S

(1 +NS)1+n
|niS |niI

<latexit sha1_base64="LZEcyC86/WvYgbAN0RDYaHWKT2I="></latexit>



The Optical Parametric Amplifier (OPA) based receiver

⌘ 2 (0, 1]
<latexit sha1_base64="ds1Sc5HUGxchqQ9VKmYvHTpQkVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAIOUjYjYIeg148RjAxkF3C7KSTDJmdXWZ6hRjyJV48KOLVT/Hm3zh5HDSxoKGo6qa7K0qlMOh5305ubX1jcyu/XdjZ3dsvugeHTZNkmkODJzLRrYgZkEJBAwVKaKUaWBxJeIiGN1P/4RG0EYm6x1EKYcz6SvQEZ2iljlsMABkNhKJl74z6YccteRVvBrpK/AUpkQXqHfcr6CY8i0Ehl8yYtu+lGI6ZRsElTApBZiBlfMj60LZUsRhMOJ4dPqGnVunSXqJtKaQz9ffEmMXGjOLIdsYMB2bZm4r/ee0Me1fhWKg0Q1B8vqiXSYoJnaZAu0IDRzmyhHEt7K2UD5hmHG1WBRuCv/zyKmlWK/55pXp3UapdL+LIk2NyQsrEJ5ekRm5JnTQIJxl5Jq/kzXlyXpx352PemnMWM0fkD5zPHzpEkYA=</latexit>

âS
<latexit sha1_base64="8CJV4lNc3Xzo3tZIY9IYC4eEe9Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy4r2gc0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIV3lmo=</latexit>

âB
<latexit sha1_base64="2zdAPgE4ZcHd6KZQblxI2SYPNfM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZelblxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rexsrq2vrFZ2apu7+zu7ZsHh10Zp4LQDol5LPo+SMpZRDuKKU77iaAQ+pz2/MnNzO89UCFZHN2raULdEEYRCxgBpSXPPHaKNzKfpzTPnDEoDLnX8syaVbcK4GVil6SGSrQ988sZxiQNaaQIBykHtpUoNwOhGOE0rzqppAmQCYzoQNMIQirdrNid4zOtDHEQC12RwoX6eyKDUMpp6OvOENRYLnoz8T9vkKrg2s1YlKSKRmS+KEg5VjGehYGHTFCi+FQTIILpv2IyBgFE6ciqOgR78eRl0m3U7Yt64+6y1myVcVTQCTpF58hGV6iJblEbdRBBj+gZvaI348l4Md6Nj3nrilHOHKE/MD5/AGuzllk=</latexit>

âE
<latexit sha1_base64="0F8L99FoJE+ujHIjawGhDzxiO8M=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFEVxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rextLyyurZe2ahubm3v7Jp7+x0Zp4LQNol5LHo+SMpZRNuKKU57iaAQ+px2/fH11O8+UCFZHN2rSULdEIYRCxgBpSXPPHSKNzKfpzTPnBEoDLl345k1q24VwIvELkkNlWh55pcziEka0kgRDlL2bStRbgZCMcJpXnVSSRMgYxjSvqYRhFS6WbE7xydaGeAgFroihQv190QGoZST0NedIaiRnPem4n9eP1XBpZuxKEkVjchsUZByrGI8DQMPmKBE8YkmQATTf8VkBAKI0pFVdQj2/MmLpNOo22f1xt15rXlVxlFBR+gYnSIbXaAmukUt1EYEPaJn9IrejCfjxXg3PmatS0Y5c4D+wPj8AXA/llw=</latexit>

âI
<latexit sha1_base64="s03QHc53EeNFQ8824o6PEK7RNks=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFN7qrYB/QhHAznbRDJw9mJkKJWfgrblwo4tbfcOffOE2z0NYDFw7n3Dt37vETzqSyrG9jaXlldW29slHd3Nre2TX39jsyTgWhbRLzWPR8kJSziLYVU5z2EkEh9Dnt+uPrqd99oEKyOLpXk4S6IQwjFjACSkueeegUb2Q+T2meOSNQGHLv1jNrVt0qgBeJXZIaKtHyzC9nEJM0pJEiHKTs21ai3AyEYoTTvOqkkiZAxjCkfU0jCKl0s2J3jk+0MsBBLHRFChfq74kMQiknoa87Q1AjOe9Nxf+8fqqCSzdjUZIqGpHZoiDlWMV4GgYeMEGJ4hNNgAim/4rJCAQQpSOr6hDs+ZMXSadRt8/qjbvzWvOqjKOCjtAxOkU2ukBNdINaqI0IekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A3ZPlmA=</latexit>

âR
<latexit sha1_base64="Y7fd22dX/n+MNlT4QfF0LfLkJeo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy6r2Ac0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIPzlmk=</latexit>

(NB)
<latexit sha1_base64="jyzaffBPxLk+csa3JMwvmrW7MWQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY6sWTVHBtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+Qfnw6FHHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/M/PYTVZrF8sFMEhoIPJQsYgQbK/nVu37zvF+uuDV3DrRKvJxUIEerX/7qDWKSCioN4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5sVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6DjMkkNVSSxaIo5cjEaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWP9Zp3UavfX1YazTyOIpzAKVTBgytowC20wAcCDJ7hFd4c6bw4787HorXg5DPH8AfO5w+s643w</latexit>

TMSV: transmitter retains the idler mode

|�i⌦M
<latexit sha1_base64="7s9vj2UUONwXcSucm8xiiIDxpNI=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEInkpSBT0WvXgRKtgPaGLZbDft0s0m7G6EEuvFv+LFgyJe/Rfe/Ddu2xy09cHA470ZZuYFCWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeS0DqJeSxbAVaUM0HrmmlOW4mkOAo4bQaDy7HfvKdSsVjc6mFC/Qj3BAsZwdpIHXv/wav1mSex6HF6l3mxZhFV6HrUsUtO2ZkAzRM3JyXIUevYX143JmlEhSYcK9V2nUT7GZaaEU5HRS9VNMFkgHu0bajAZo+fTT4YoSOjdFEYS1NCo4n6eyLDkVLDKDCdEdZ9NeuNxf+8dqrDcz9jIkk1FWS6KEw50jEax4G6TFKi+dAQTCQztyLSxxITbUIrmhDc2ZfnSaNSdk/KlZvTUvUij6MAB3AIx+DCGVThCmpQBwKP8Ayv8GY9WS/Wu/UxbV2w8pk9+APr8wfPpZcd</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

SG and B. I. Erkmen, Phys. Rev. A (2009)

OPA
ĉ

<latexit sha1_base64="1HbXvz6CuQ28XubqD+Z8GJu2QUE=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrspMFXRZdOOygn1AZyiZNG1DM5khyQh1GPwVNy4Ucet/uPNvzLSz0NYDgcM59+YkJ4g5U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFWUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG5yv/NApWKRuNfTmPohHgk2ZARrI/XtI292RxrwhGapN8YakaxvV52aMwNaJm5BqlCg2be/vEFEkpAKTThWquc6sfZTLDUjnGYVL1E0xmSCR7RnqMAhVX46S87QqVEGaBhJc4SJz9XfGykOlZqGgZkMsR6rRS8X//N6iR5e+SkTcaKpIPOgYcKRjlBeBRowSYnmU0Mwkcy8FZExlphoU1jFlOAufnmZtOs197xWv7uoNq6LOspwDCdwBi5cQgNuoQktIPAIz/AKb9aT9WK9Wx/z0ZJV7BzCH1ifPx+dlaY=</latexit>

d̂
<latexit sha1_base64="gxkbZqFqVwPtRMNRxa5JnTPd5VI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgi6LblxWsA9oQplMJu3QyYOZiVBD8FfcuFDErf/hzr9xmmahrQcuHM65d+7c4yWcSWVZ30ZlZXVtfaO6Wdva3tndM/cPujJOBaEdEvNY9D0sKWcR7SimOO0nguLQ47TnTW5mfu+BCsni6F5NE+qGeBSxgBGstDQ0j5zijczjKc0zZ4wV8vOhWbcaVgG0TOyS1KFEe2h+OX5M0pBGinAs5cC2EuVmWChGOM1rTippgskEj+hA0wiHVLpZsTlHp1rxURALXZFChfp7IsOhlNPQ050hVmO56M3E/7xBqoIrN2NRkioakfmiIOVIxWgWBfKZoETxqSaYCKb/isgYC0yUDqymQ7AXT14m3WbDPm807y7qresyjiocwwmcgQ2X0IJbaEMHCDzCM7zCm/FkvBjvxse8tWKUM4fwB8bnDyEilac=</latexit>

hâRâIi =
p
⌘NS(NS + 1)

<latexit sha1_base64="dnLD8rGt/Z0FibiLai/QpvdPNO8="></latexit>

ĉ(m) =
p
Gâ(m)

I +
p
G� 1â†(m)

R
<latexit sha1_base64="xBvgloPTWHEG9XxmOECC0cjXssU="></latexit>

d̂(m) =
p
Gâ(m)

R +
p
G� 1â†(m)

I
<latexit sha1_base64="c+EjKVjR1Y/S25JsO09tOoO2gbM="></latexit>

Nm
<latexit sha1_base64="0KnwSoMa7BLVbSLKaly5GUiPLjU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxZNENA9IljA7mU2GzGOZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMlHO05oKPBAspgRbJ30cNcTvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGanTtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4UZk0lqqSTzRXHKkVVo+jfqM02J5WNHMNHM3YrIEGtMrEun6EIIFl9eJs1qJTivVO8vyrXrPI4CHMMJnEEAl1CDW6hDAwgM4Ble4c3j3ov37n3MW1e8fOYI/sD7/AEn8o22</latexit>

Nout =
MX

m=1

Nm

<latexit sha1_base64="jb+DD2nJUW3E+uUkB8Dv7ghst7o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRV0E2h6MaNpYJ9QBPDZDpph84kYWYilJCdG3/FjQtF3PoL7vwbp20W2nrgwuGce7n3Hj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715ZRIjBp4YhFousjSRgNSUtRxUg3FgRxn5GOP7qa+J0HIiSNwjs1jonL0SCkAcVIackzDxte6ggOo0RlsAYdmXAv5TU7u7+BDY97ZtmqWFPARWLnpAxyND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWchJJYoRHaEB6moaIE+mm0z8yeKyVPgwioStUcKr+nkgRl3LMfd3JkRrKeW8i/uf1EhVcuCkN40SREM8WBQmDKoKTUGCfCoIVG2uCsKD6VoiHSCCsdHQlHYI9//IiaVcr9mmlentWrl/mcRTBATgCJ8AG56AOrkETtAAGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/kO2YeA==</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

CE

C
! 2

<latexit sha1_base64="5tGcnQYiNOwhnI/IbyC7Fcp9ye8=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KkkVdFksgssK9gFNCJPppB06eTAzEUKIv+LGhSJu/RB3/o3TNgttPXDhcM693HuPn3AmlWV9G2vrG5tb25Wd6u7e/sGheXTck3EqCO2SmMdi4GNJOYtoVzHF6SARFIc+p31/2p75/UcqJIujB5Ul1A3xOGIBI1hpyTNrTiAwydvebZG3C+SoGDU9s241rDnQKrFLUocSHc/8ckYxSUMaKcKxlEPbSpSbY6EY4bSoOqmkCSZTPKZDTSMcUunm8+MLdKaVEQpioStSaK7+nshxKGUW+rozxGoil72Z+J83TFVw7eYsSlJFI7JYFKQc6RdnSaARE5QonmmCiWD6VkQmWKehdF5VHYK9/PIq6TUb9kWjeX9Zb92UcVTgBE7hHGy4ghbcQQe6QCCDZ3iFN+PJeDHejY9F65pRztTgD4zPH8RslDA=</latexit>

E[Nm] = hĉ†ĉi = GNS + (G� 1)(1 + (1� ⌘)NB + ⌘NS)

±2
p

G(G� 1)
p
⌘NS(NS + 1)



Receiver based on sum frequency generation (SFG)
SFG âS

<latexit sha1_base64="hP2oRf5cT0LAru9n3fY06rPj+TY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lMl20y7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81g+mHHC/AgHkoecorHSY9YdoiE46d33SmW34s5AlomXkzLkqPdKX91+TNOISUMFat3x3MT4GSrDqWCTYjfVLEE6wgHrWCoxYtrPZhdPyKlV+iSMlS1pyEz9PZFhpPU4CmxnhGaoF72p+J/XSU145WdcJqlhks4XhakgJibT90mfK0aNGFuCVHF7K6FDVEiNDaloQ/AWX14mzWrFO69U7y7Ktes8jgIcwwmcgQeXUINbqEMDKEh4hld4c7Tz4rw7H/PWFSefOYI/cD5/AET9kKY=</latexit>

âI
<latexit sha1_base64="1hMYOpy18FDbrlBfBIDeIO4t6Ok=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0orcK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZKj1l3iIbgpHfXK5XdijsDWSZeTsqQo94rfXX7MU0jJg0VqHXHcxPjZ6gMp4JNit1UswTpCAesY6nEiGk/m108IadW6ZMwVrakITP190SGkdbjKLCdEZqhXvSm4n9eJzXhlZ9xmaSGSTpfFKaCmJhM3yd9rhg1YmwJUsXtrYQOUSE1NqSiDcFbfHmZNKsV77xSvb8o167zOApwDCdwBh5cQg1uoQ4NoCDhGV7hzdHOi/PufMxbV5x85gj+wPn8ATXVkJw=</latexit>

b̂
<latexit sha1_base64="ZIQQ2cZVWq5mXvvO5GTYO6VK2TA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtYbUSTBtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w/oM4/h</latexit>

OPA âS
<latexit sha1_base64="hP2oRf5cT0LAru9n3fY06rPj+TY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lMl20y7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81g+mHHC/AgHkoecorHSY9YdoiE46d33SmW34s5AlomXkzLkqPdKX91+TNOISUMFat3x3MT4GSrDqWCTYjfVLEE6wgHrWCoxYtrPZhdPyKlV+iSMlS1pyEz9PZFhpPU4CmxnhGaoF72p+J/XSU145WdcJqlhks4XhakgJibT90mfK0aNGFuCVHF7K6FDVEiNDaloQ/AWX14mzWrFO69U7y7Ktes8jgIcwwmcgQeXUINbqEMDKEh4hld4c7Tz4rw7H/PWFSefOYI/cD5/AET9kKY=</latexit>

âI
<latexit sha1_base64="1hMYOpy18FDbrlBfBIDeIO4t6Ok=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0orcK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZKj1l3iIbgpHfXK5XdijsDWSZeTsqQo94rfXX7MU0jJg0VqHXHcxPjZ6gMp4JNit1UswTpCAesY6nEiGk/m108IadW6ZMwVrakITP190SGkdbjKLCdEZqhXvSm4n9eJzXhlZ9xmaSGSTpfFKaCmJhM3yd9rhg1YmwJUsXtrYQOUSE1NqSiDcFbfHmZNKsV77xSvb8o167zOApwDCdwBh5cQg1uoQ4NoCDhGV7hzdHOi/PufMxbV5x85gj+wPn8ATXVkJw=</latexit>

Zhuang, Zhang, Shapiro, Phys. Rev. Lett. 118, 040801 (2017)

 =
1

K
<latexit sha1_base64="PkYvXvWGpikkIBR7whENZe6ggjc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQTdC0Y3gpoJ9QFPKzXTSDp0kw8xEqCH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4gjOlHefbKiwtr6yuFddLG5tb2zv27l5TxYkktEFiHsu2D4pyFtGGZprTtpAUQp/Tlj+6nvitByoVi6N7PRa0G8IgYgEjoI3Usw+8EQgB+BJ7gQSSull6m/XsslNxpsCLxM1JGeWo9+wvrx+TJKSRJhyU6riO0N0UpGaE06zkJYoKICMY0I6hEYRUddPp9Rk+NkofB7E0FWk8VX9PpBAqNQ590xmCHqp5byL+53USHVx0UxaJRNOIzBYFCcc6xpMocJ9JSjQfGwJEMnMrJkMwKWgTWMmE4M6/vEia1Yp7WqnenZVrV3kcRXSIjtAJctE5qqEbVEcNRNAjekav6M16sl6sd+tj1lqw8pl99AfW5w+4UpTB</latexit>


<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>

1� 
<latexit sha1_base64="tVBlvAtxGqGUAjglGPN1drYNaDg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqd+64kpzWP5YMYJ8yMcSB5yisZKbe+8O8IkwV6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/9jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXgXler9Zbl2k8dRgGM4gTPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AckSPlQ==</latexit>


<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>

1� 
<latexit sha1_base64="tVBlvAtxGqGUAjglGPN1drYNaDg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqd+64kpzWP5YMYJ8yMcSB5yisZKbe+8O8IkwV6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/9jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXgXler9Zbl2k8dRgGM4gTPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AckSPlQ==</latexit>

SFG
<latexit sha1_base64="2OqbGwDbT9+tYG6sKAnjh3PFUs4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoqMeI5gHZJcxOJsmQ2QczvWJY9je8eFDEqz/jzb9xkuxBEwsaiqpuurv8WAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjhLFeINFMlJtn2ouRcgbKFDydqw4DXzJW/7oauK3HrnSIgofcBxzL6CDUPQFo2gkN3WRP2F6f32TZd1S2a7YU5BF4uSkDDnq3dKX24tYEvAQmaRadxw7Ri+lCgWTPCu6ieYxZSM64B1DQxpw7aXTmzNybJQe6UfKVIhkqv6eSGmg9TjwTWdAcajnvYn4n9dJsH/hpSKME+Qhmy3qJ5JgRCYBkJ5QnKEcG0KZEuZWwoZUUYYmpqIJwZl/eZE0qxXntFK9OyvXLvM4CnAIR3ACDpxDDW6hDg1gEMMzvMKblVgv1rv1MWtdsvKZA/gD6/MHYVmR5w==</latexit>

SFG
<latexit sha1_base64="2OqbGwDbT9+tYG6sKAnjh3PFUs4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoqMeI5gHZJcxOJsmQ2QczvWJY9je8eFDEqz/jzb9xkuxBEwsaiqpuurv8WAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjhLFeINFMlJtn2ouRcgbKFDydqw4DXzJW/7oauK3HrnSIgofcBxzL6CDUPQFo2gkN3WRP2F6f32TZd1S2a7YU5BF4uSkDDnq3dKX24tYEvAQmaRadxw7Ri+lCgWTPCu6ieYxZSM64B1DQxpw7aXTmzNybJQe6UfKVIhkqv6eSGmg9TjwTWdAcajnvYn4n9dJsH/hpSKME+Qhmy3qJ5JgRCYBkJ5QnKEcG0KZEuZWwoZUUYYmpqIJwZl/eZE0qxXntFK9OyvXLvM4CnAIR3ACDpxDDW6hDg1gEMMzvMKblVgv1rv1MWtdsvKZA/gD6/MHYVmR5w==</latexit>

|0i
<latexit sha1_base64="mFbyg4gJW0ZXAvvu82LjFXT3NAg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYK9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx28IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5NmteKdV6p3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AtneQWQ==</latexit>

|0i
<latexit sha1_base64="mFbyg4gJW0ZXAvvu82LjFXT3NAg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYK9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx28IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5NmteKdV6p3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AtneQWQ==</latexit>

. . .
<latexit sha1_base64="VBpHJEBT97tDzHG8unvL1loUUmU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL1tjzw=</latexit> 

<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit> SFG
<latexit sha1_base64="2OqbGwDbT9+tYG6sKAnjh3PFUs4=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoqMeI5gHZJcxOJsmQ2QczvWJY9je8eFDEqz/jzb9xkuxBEwsaiqpuurv8WAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjhLFeINFMlJtn2ouRcgbKFDydqw4DXzJW/7oauK3HrnSIgofcBxzL6CDUPQFo2gkN3WRP2F6f32TZd1S2a7YU5BF4uSkDDnq3dKX24tYEvAQmaRadxw7Ri+lCgWTPCu6ieYxZSM64B1DQxpw7aXTmzNybJQe6UfKVIhkqv6eSGmg9TjwTWdAcajnvYn4n9dJsH/hpSKME+Qhmy3qJ5JgRCYBkJ5QnKEcG0KZEuZWwoZUUYYmpqIJwZl/eZE0qxXntFK9OyvXLvM4CnAIR3ACDpxDDW6hDg1gEMMzvMKblVgv1rv1MWtdsvKZA/gD6/MHYVmR5w==</latexit>

|0i
<latexit sha1_base64="mFbyg4gJW0ZXAvvu82LjFXT3NAg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYK9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx28IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5NmteKdV6p3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AtneQWQ==</latexit>

1� 
<latexit sha1_base64="tVBlvAtxGqGUAjglGPN1drYNaDg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqd+64kpzWP5YMYJ8yMcSB5yisZKbe+8O8IkwV6p7FbcGcgy8XJShhz1Xumr249pGjFpqECtO56bGD9DZTgVbFLsppolSEc4YB1LJUZM+9ns3gk5tUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/9jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERFW0I3uLLy6RZrXgXler9Zbl2k8dRgGM4gTPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AckSPlQ==</latexit>

Feed-Forward SFG

b̂1<latexit sha1_base64="SZ6+Fcv8xrdlOlzQKbKeQVgOkWs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx6w3okiCad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/ABL8kIU=</latexit>

b̂2<latexit sha1_base64="fsggii28M0bK1XZcXTY+TFMMrxg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx6w3okiCab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYKDgGV7hzTHOi/PufCxaC04+cwx/4Hz+ABSAkIY=</latexit>

b̂K
<latexit sha1_base64="fv9hNDgQyICZ8/iihlvekegU8ms=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWesy6Q4okmPTueqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnGeXHenY9564qTzxzBHzifPzpkkJ8=</latexit>

1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit> 2

<latexit sha1_base64="jk/1fpohXujb3eq/tOFNvjxoFrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffW+Mug==</latexit>

K
<latexit sha1_base64="HQfadDQrozr2PpvG928HQmjcOjI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6NTjNM=</latexit>

ê1
<latexit sha1_base64="gVMmAqLgehirfX4LWVPGVCPNigs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx6w3okj4tO/1yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m188JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ+2QgNGcoJ5ZQpoW9lbAR1ZShDalkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGCh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/F5GQiA==</latexit>

ê2
<latexit sha1_base64="f5jVxeon67v3DO0LB6DB13AqekY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx6w3okj4tF/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr94Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz98lAaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/ABkVkIk=</latexit>

êK
<latexit sha1_base64="6IjkcGm+9SmBJjw9qgLb4fwHbzc=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWesy6Q4qET3p3vVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSbNa8c4r1fuLcu06j6MAx3ACZ+DBJdTgFurQAAYKnuEV3hzjvDjvzse8dcXJZ47gD5zPHz75kKI=</latexit>

âB
<latexit sha1_base64="2zdAPgE4ZcHd6KZQblxI2SYPNfM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZelblxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rexsrq2vrFZ2apu7+zu7ZsHh10Zp4LQDol5LPo+SMpZRDuKKU77iaAQ+pz2/MnNzO89UCFZHN2raULdEEYRCxgBpSXPPHaKNzKfpzTPnDEoDLnX8syaVbcK4GVil6SGSrQ988sZxiQNaaQIBykHtpUoNwOhGOE0rzqppAmQCYzoQNMIQirdrNid4zOtDHEQC12RwoX6eyKDUMpp6OvOENRYLnoz8T9vkKrg2s1YlKSKRmS+KEg5VjGehYGHTFCi+FQTIILpv2IyBgFE6ciqOgR78eRl0m3U7Yt64+6y1myVcVTQCTpF58hGV6iJblEbdRBBj+gZvaI348l4Md6Nj3nrilHOHKE/MD5/AGuzllk=</latexit>

âE
<latexit sha1_base64="0F8L99FoJE+ujHIjawGhDzxiO8M=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFEVxWsA9oQriZTtqhkwczE6HELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079/gJZ1JZ1rextLyyurZe2ahubm3v7Jp7+x0Zp4LQNol5LHo+SMpZRNuKKU57iaAQ+px2/fH11O8+UCFZHN2rSULdEIYRCxgBpSXPPHSKNzKfpzTPnBEoDLl345k1q24VwIvELkkNlWh55pcziEka0kgRDlL2bStRbgZCMcJpXnVSSRMgYxjSvqYRhFS6WbE7xydaGeAgFroihQv190QGoZST0NedIaiRnPem4n9eP1XBpZuxKEkVjchsUZByrGI8DQMPmKBE8YkmQATTf8VkBAKI0pFVdQj2/MmLpNOo22f1xt15rXlVxlFBR+gYnSIbXaAmukUt1EYEPaJn9IrejCfjxXg3PmatS0Y5c4D+wPj8AXA/llw=</latexit>

(NB)
<latexit sha1_base64="jyzaffBPxLk+csa3JMwvmrW7MWQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY6sWTVHBtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+Qfnw6FHHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/M/PYTVZrF8sFMEhoIPJQsYgQbK/nVu37zvF+uuDV3DrRKvJxUIEerX/7qDWKSCioN4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5sVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6DjMkkNVSSxaIo5cjEaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWP9Zp3UavfX1YazTyOIpzAKVTBgytowC20wAcCDJ7hFd4c6bw4787HorXg5DPH8AfO5w+s643w</latexit>

|�i⌦M
<latexit sha1_base64="7s9vj2UUONwXcSucm8xiiIDxpNI=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEInkpSBT0WvXgRKtgPaGLZbDft0s0m7G6EEuvFv+LFgyJe/Rfe/Ddu2xy09cHA470ZZuYFCWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeS0DqJeSxbAVaUM0HrmmlOW4mkOAo4bQaDy7HfvKdSsVjc6mFC/Qj3BAsZwdpIHXv/wav1mSex6HF6l3mxZhFV6HrUsUtO2ZkAzRM3JyXIUevYX143JmlEhSYcK9V2nUT7GZaaEU5HRS9VNMFkgHu0bajAZo+fTT4YoSOjdFEYS1NCo4n6eyLDkVLDKDCdEdZ9NeuNxf+8dqrDcz9jIkk1FWS6KEw50jEax4G6TFKi+dAQTCQztyLSxxITbUIrmhDc2ZfnSaNSdk/KlZvTUvUij6MAB3AIx+DCGVThCmpQBwKP8Ayv8GY9WS/Wu/UxbV2w8pk9+APr8wfPpZcd</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

(NS)
<latexit sha1_base64="K1pIQk/DOHtmT8xw6GKG29wpO/c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJJKrq20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/8KjjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuJKs1i+WDGCQ0EHkgWMYKNlfzqbe/+tFeuuDV3BrRMvJxUIEezV/7q9mOSCioN4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWSiyoDrLZsRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2RD8BZfXiaP9Zp3VqvfnVcaV3kcRTiCY6iCBxfQgBtogg8EGDzDK7w50nlx3p2PeWvByWcO4Q+czx/GwI4B</latexit>

âS
<latexit sha1_base64="8CJV4lNc3Xzo3tZIY9IYC4eEe9Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy4r2gc0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIV3lmo=</latexit>

âI
<latexit sha1_base64="s03QHc53EeNFQ8824o6PEK7RNks=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFN7qrYB/QhHAznbRDJw9mJkKJWfgrblwo4tbfcOffOE2z0NYDFw7n3Dt37vETzqSyrG9jaXlldW29slHd3Nre2TX39jsyTgWhbRLzWPR8kJSziLYVU5z2EkEh9Dnt+uPrqd99oEKyOLpXk4S6IQwjFjACSkueeegUb2Q+T2meOSNQGHLv1jNrVt0qgBeJXZIaKtHyzC9nEJM0pJEiHKTs21ai3AyEYoTTvOqkkiZAxjCkfU0jCKl0s2J3jk+0MsBBLHRFChfq74kMQiknoa87Q1AjOe9Nxf+8fqqCSzdjUZIqGpHZoiDlWMV4GgYeMEGJ4hNNgAim/4rJCAQQpSOr6hDs+ZMXSadRt8/qjbvzWvOqjKOCjtAxOkU2ukBNdINaqI0IekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A3ZPlmA=</latexit>

âR
<latexit sha1_base64="Y7fd22dX/n+MNlT4QfF0LfLkJeo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQZdFNy6r2Ac0IUymk3bo5MHMjVBiFv6KGxeKuPU33Pk3TtMstPXAhcM5986de/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3w99bsPTCoeR/cwSZgbkmHEA04JaMkzD53ijcwXKcszZ0QAk9y788yaVbcK4EVil6SGSrQ888sZxDQNWQRUEKX6tpWAmxEJnAqWV51UsYTQMRmyvqYRCZlys2J3jk+0MsBBLHVFgAv190RGQqUmoa87QwIjNe9Nxf+8fgrBpZvxKEmBRXS2KEgFhhhPw8ADLhkFMdGEUMn1XzEdEUko6MiqOgR7/uRF0mnU7bN64/a81rwq46igI3SMTpGNLlAT3aAWaiOKHtEzekVvxpPxYrwbH7PWJaOcOUB/YHz+AIPzlmk=</latexit>

hâRâIi =
p
⌘NS(NS + 1)

<latexit sha1_base64="dnLD8rGt/Z0FibiLai/QpvdPNO8="></latexit>

µ =
�
1� (1 +N 0

S)
�2

<latexit sha1_base64="UY9I/p+5JbrbAJQvjMbIOKPg7X8=">AAACEXicbVDLSgMxFM3UV62vqks3wSK0iGWmCroRim5cSUX7gM50yKRpG5rMhCQjlKG/4MZfceNCEbfu3Pk3pu0stHrgwuGce7n3nkAwqrRtf1mZhcWl5ZXsam5tfWNzK7+901BRLDGp44hFshUgRRgNSV1TzUhLSIJ4wEgzGF5O/OY9kYpG4Z0eCeJx1A9pj2KkjeTniy6P4Tl0A9ovOkfuEAmBis7htX/bcYWknJQmVqlT8fMFu2xPAf8SJyUFkKLm5z/dboRjTkKNGVKq7dhCewmSmmJGxjk3VkQgPER90jY0RJwoL5l+NIYHRunCXiRNhRpO1Z8TCeJKjXhgOjnSAzXvTcT/vHase2deQkMRaxLi2aJezKCO4CQe2KWSYM1GhiAsqbkV4gGSCGsTYs6E4My//Jc0KmXnuFy5OSlUL9I4smAP7IMicMApqIIrUAN1gMEDeAIv4NV6tJ6tN+t91pqx0pld8AvWxzcE15tC</latexit>

NT = NSN
0
S

<latexit sha1_base64="3WFZLVUQ8GDb/5sjOjz0pOJQbcU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0I1QdOOqVOwLmhgm00k7dJIMMxOhhC7c+CtuXCji1o9w5984abPQ1gMXDufcy733+JxRqSzr2yisrK6tbxQ3S1vbO7t75v5BR8aJwKSNYxaLno8kYTQibUUVIz0uCAp9Rrr++Drzuw9ESBpHLTXhxA3RMKIBxUhpyTPLDa8FL6EzRpwj2PDusrp3uKAh8cyKVbVmgMvEzkkF5Gh65pcziHESkkhhhqTs2xZXboqEopiRaclJJOEIj9GQ9DWNUEikm86emMJjrQxgEAtdkYIz9fdEikIpJ6GvO0OkRnLRy8T/vH6iggs3pRFPFInwfFGQMKhimCUCB1QQrNhEE4QF1bdCPEICYaVzK+kQ7MWXl0mnVrVPq7Xbs0r9Ko+jCMrgCJwAG5yDOrgBTdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gB7tpa7</latexit>

The SF (    ) modes are in displaced thermal states:b̂k
<latexit sha1_base64="ZMw1hLCQsVTaayoENE/hhMoy9Yw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx6w3okiCaX/cL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7xlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExm75OB0JyhnFhCmRb2VsJGVFOGNqSSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYKDgGV7hzTHOi/PufCxaC04+cwx/4Hz+AGrkkL8=</latexit>

⇢̂th(↵
(k), NT ) =

Z

C

1

⇡NT
e�|��↵(k)|2/NT |�ih�|d2�

<latexit sha1_base64="QQZDYYNELFNnlaqArA6dpMX+AnY="></latexit>

↵(k) =
q

M⌘NS(1 +NS)µk�1
<latexit sha1_base64="Jwx8viOdv4VvGeeDIn6MeBJ5unU="></latexit>

t = ⇡/2
p
Mg

<latexit sha1_base64="Kytf83e5zL1nkxDeiEIHW4q0i2c=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJMq6EUoevEiVLAf0JSy2W7apZtN3J2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeX4suAbH+baWlldW19YLG8XNre2dXXuv1NRRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj64nfuuRKc0jeQ/jmHVDMpA84JSAkXp2CfAl9mJ+UvX0g4L0Nhv07LJTcabAi8TNSRnlqPfsL68f0SRkEqggWndcJ4ZuShRwKlhW9BLNYkJHZMA6hkoSMt1Np7dn+MgofRxEypQEPFV/T6Qk1Hoc+qYzJDDU895E/M/rJBBcdFMu4wSYpLNFQSIwRHgSBO5zxSiIsSGEKm5uxXRIFKFg4iqaENz5lxdJs1pxTyvVu7Ny7SqPo4AO0CE6Ri46RzV0g+qogSh6Qs/oFb1ZmfVivVsfs9YlK5/ZR39gff4A7dCTvA==</latexit>



Transmitter and joint-detection receiver for 
entanglement assisted communication

µ =
�
1� (1 +N 0

S)
�2

<latexit sha1_base64="UY9I/p+5JbrbAJQvjMbIOKPg7X8=">AAACEXicbVDLSgMxFM3UV62vqks3wSK0iGWmCroRim5cSUX7gM50yKRpG5rMhCQjlKG/4MZfceNCEbfu3Pk3pu0stHrgwuGce7n3nkAwqrRtf1mZhcWl5ZXsam5tfWNzK7+901BRLDGp44hFshUgRRgNSV1TzUhLSIJ4wEgzGF5O/OY9kYpG4Z0eCeJx1A9pj2KkjeTniy6P4Tl0A9ovOkfuEAmBis7htX/bcYWknJQmVqlT8fMFu2xPAf8SJyUFkKLm5z/dboRjTkKNGVKq7dhCewmSmmJGxjk3VkQgPER90jY0RJwoL5l+NIYHRunCXiRNhRpO1Z8TCeJKjXhgOjnSAzXvTcT/vHase2deQkMRaxLi2aJezKCO4CQe2KWSYM1GhiAsqbkV4gGSCGsTYs6E4My//Jc0KmXnuFy5OSlUL9I4smAP7IMicMApqIIrUAN1gMEDeAIv4NV6tJ6tN+t91pqx0pld8AvWxzcE15tC</latexit>

NT = NSN
0
S

<latexit sha1_base64="3WFZLVUQ8GDb/5sjOjz0pOJQbcU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0I1QdOOqVOwLmhgm00k7dJIMMxOhhC7c+CtuXCji1o9w5984abPQ1gMXDufcy733+JxRqSzr2yisrK6tbxQ3S1vbO7t75v5BR8aJwKSNYxaLno8kYTQibUUVIz0uCAp9Rrr++Drzuw9ESBpHLTXhxA3RMKIBxUhpyTPLDa8FL6EzRpwj2PDusrp3uKAh8cyKVbVmgMvEzkkF5Gh65pcziHESkkhhhqTs2xZXboqEopiRaclJJOEIj9GQ9DWNUEikm86emMJjrQxgEAtdkYIz9fdEikIpJ6GvO0OkRnLRy8T/vH6iggs3pRFPFInwfFGQMKhimCUCB1QQrNhEE4QF1bdCPEICYaVzK+kQ7MWXl0mnVrVPq7Xbs0r9Ko+jCMrgCJwAG5yDOrgBTdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gB7tpa7</latexit>

k-th Green Machine’s inputs:

k-th Green Machine’s outputs (one of them 
has this mean, others have zero mean)

SG, Zhuang, Bash, arXiv:2001.03934 (2020)



Superadditivity in entanglement assisted communication rate

⇠ log(1/NS)
<latexit sha1_base64="TxqUTKCDeDilaZfBIE16k2k/yOk=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1U5Mq6LLoxpVUtA9oQphMp+3QeYSZSaGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89ccKoNp737aysrq1vbBa2its7u3v77sFhU8tUYdLAkknVjpEmjArSMNQw0k4UQTxmpBUPb6d+a0SUplI8mXFCQo76gvYoRsZKkesGmnIYMNkv++f30eNZ5Ja8ijcDXCZ+TkogRz1yv4KuxCknwmCGtO74XmLCDClDMSOTYpBqkiA8RH3SsVQgTnSYzS6fwFOrdGFPKlvCwJn6eyJDXOsxj20nR2agF72p+J/XSU3vOsyoSFJDBJ4v6qUMGgmnMcAuVQQbNrYEYUXtrRAPkELY2LCKNgR/8eVl0qxW/ItK9eGyVLvJ4yiAY3ACysAHV6AG7kAdNAAGI/AMXsGbkzkvzrvzMW9dcfKZI/AHzucPsFeSYw==</latexit>

SG, Zhuang, Bash, arXiv:2001.03934 (2020)



Outline

• Background
– Quantum limit of classical communications
– Joint detection receivers for superadditive capacity

• Entanglement assisted communications over the bosonic channel
– Transmitter-receiver design 
– Entanglement assisted covert communications

• Conclusions and ongoing work



Covert communications

• Provably covert communications needs                           , resulting in:

• Entanglement assisted covert communications: the log(1/NS) 
enhancement in capacity results in:

B. A. Bash, A. H. Gheorghe, M. Patel, J. L. Habif, D. Goeckel, D. Towsley, and SG, Nat. Commun. 6, 8626 (2015)

O(
p
n)

<latexit sha1_base64="TELHNR7/AB9bIeqPwboqfTj7TsI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFmBVsL26Vk02wbmk3WZFYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsrq2vlHcLG1t7+zulfcP2kalmrIWVULpTkgME1yyFnAQrJNoRuJQsIdwdD31H56YNlzJexgnLIjJQPKIUwJW8m+rXfOoIZOT01654tbcGfAy8XJSQTmavfJXt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Ak+sUofR0rbkoBn6u+JjMTGjOPQdsYEhmbRm4r/eX4K0WWQcZmkwCSdL4pSgUHh6f+4zzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJu16zTur1e/OK42rPI4iOkLHqIo8dIEa6AY1UQtRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MHCg6RGA==</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

bits in modes

Gagatsos, Bullock, Bash, arXiv:2002.06733 [quant-ph] (2020)

O(
p
n log n)

<latexit sha1_base64="CWwE1TwSGsZQfI81ZZdz1DRFCyo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUpSBV0W3bizgn1AE8pkOmmHTmbizEQIof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK1EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjK+nfueRSEUFv9dpTPwIDTkNKUbaSH27fFv11IPUGZ94px4TQ8hP+nbFqTkzwGXi5qQCcjT79pc3EDiJCNeYIaV6rhNrP0NSU8zIpOQlisQIj9GQ9AzlKCLKz2bHT+CxUQYwFNIU13Cm/p7IUKRUGgWmM0J6pBa9qfif10t0eOlnlMeJJhzPF4UJg1rAaRJwQCXBmqWGICypuRXiEZIIa5NXyYTgLr68TNr1mntWq9+dVxpXeRxFcAiOQBW44AI0wA1oghbAIAXP4BW8WU/Wi/VufcxbC1Y+UwZ/YH3+AO9hlE0=</latexit>

n
<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

bits in modes

NS = O(1/
p
n)

<latexit sha1_base64="kCA5YlRUSiRLwfHGhjCkfuhSFPg=">AAAB/HicbVDLSgNBEOz1GeNrNUcvg0GIl7gbBb0IQS+eNKJ5QLIss5NJMmR2dp2ZFcISf8WLB0W8+iHe/Bsnj4MmFjQUVd10dwUxZ0o7zre1sLi0vLKaWcuub2xubds7uzUVJZLQKol4JBsBVpQzQauaaU4bsaQ4DDitB/3LkV9/pFKxSNzrQUy9EHcF6zCCtZF8O3ft36FzdFNwj1rqQepUDA99O+8UnTHQPHGnJA9TVHz7q9WOSBJSoQnHSjVdJ9ZeiqVmhNNhtpUoGmPSx13aNFTgkCovHR8/RAdGaaNOJE0Jjcbq74kUh0oNwsB0hlj31Kw3Ev/zmonunHkpE3GiqSCTRZ2EIx2hURKozSQlmg8MwUQycysiPSwx0SavrAnBnX15ntRKRfe4WLo9yZcvpnFkYA/2oQAunEIZrqACVSAwgGd4hTfryXqx3q2PSeuCNZ3JwR9Ynz+Zt5N2</latexit>
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Conclusions and ongoing work

• Holevo capacity, C: Quantum limit of classical communications
– (product) coherent state, i.e., laser light modulation is capacity optimal
– Attaining ultimate limit of classical communications needs quantum (joint 

detection) receivers

• Entanglement assisted capacity, CE: highest gain when the 
transmitter is low brightness and thermal noise is high
– TMSV pre-shared entanglement and SFG receiver front end translates the 

problem back to receiver design for coherent states to achieve Holevo capacity
– Covert communications: shared entangled breaks the “square root law”

• Find better transmitter modulation, codes, and receivers to fully 
achieve CE: explore resource theories of non-Gaussian components

• Connection with quantum illumination radar
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